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Lecture 2A. The boundary value problem of solid mechanics 
in the FEM approach

1

Finite element method
(FEM1)
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Boundary value problem of solid body mechanics 

boundary 𝛤
domain 𝛺

𝑥 𝑦

𝑧

boundary 𝛤𝑝

1 × 3

surface load

𝑝  = 𝑝𝑥, 𝑝𝑦 , 𝑝𝑧

boundary 𝛤𝑢 (u = u0)

mass forces 

𝑋  = 𝑋, 𝑌, 𝑍 =  𝑎𝑥, 𝑎𝑦, 𝑎𝑧
1 × 3

accelerations

𝛺𝑒

NOE  – no. of FEs
NON – no. of nodes

FE model

Finite element with n - nodes

1
2

3

𝑛 − 1
𝑛

𝑃
𝑃′

3 × 1

𝛺 = ෍

𝑒=1

𝑁𝑂𝐸

𝛺𝑒 and 𝛺𝑖 ∩ 𝛺𝑗 = 0
𝑖 ≠ 𝑗

UNKNOWN FUNCTION

Displacement vector 𝑢 =

𝑢(𝑥, 𝑦, 𝑧)
𝑣(𝑥, 𝑦, 𝑧)
𝑤(𝑥, 𝑦, 𝑧)
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Nodal approximation inside the finite element with n - nodes

𝑥 𝑦

𝑧

1

2

3

𝑛 − 1
𝑛

displacement vector 𝑢 = 𝑁(𝜉, 𝜂, 𝜁) 𝑞 𝑒
3 × 1 3 × 𝑛𝑒  𝑛𝑒 × 1

𝑃

𝑢

𝑢1

𝑣1

𝑤1

𝑢2

𝑣2

𝑤2

𝑛𝑒 = 𝑛 · 𝑛𝑝

𝑛𝑜𝑑𝑎𝑙 𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝑛𝑜𝑑𝑒 1 𝑎𝑙𝑜𝑛𝑔 𝑥 𝑎𝑥𝑖𝑠

𝜉 𝜂

𝜁

𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚

𝑔𝑙𝑜𝑏𝑎𝑙 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚

𝑛𝑒 − no. of degrees of freedom in FE

𝑛𝑝 − no. of degrees of freedom per node

𝑁(𝜉, 𝜂, 𝜁) − matrix of shape funtions
3 × 𝑛𝑒

𝑞 𝑒 =

𝑢1
𝑣1

𝑤1

⋮
𝑢𝑛

𝑣𝑛

𝑤𝑛 𝑒

𝑛𝑒 × 1

− local vector 
    of nodal 
    parameters

Ω𝑒

𝑢𝑛

𝑣𝑛

𝑤𝑛
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Matrix of shape functions

𝑥 𝑦

𝑧

1

2

3

𝑛 − 1
𝑛

𝑃

𝑢

𝑢1

𝑣1

𝑤1

𝑢2

𝑣2

𝑤2

𝑤𝑛

𝑣𝑛

𝑢𝑛

𝑁(𝜉, 𝜂, 𝜁) =
𝑁1 0 0
0 𝑁1 0
0 0 𝑁1

 
𝑁2 0 0
0 𝑁2 0
0 0 𝑁2

…

𝑁𝑛 0 0
0 𝑁𝑛 0
0 0 𝑁𝑛

3 × 𝑛𝑒

Ω𝑒

𝑢 = 𝑁1 ∙ 𝑢1 + 𝑁2 ∙ 𝑢2 + … + 𝑁𝑛 ∙ 𝑢𝑛 

𝑣 = 𝑁1 ∙ 𝑣1 + 𝑁2 ∙ 𝑣2 + … + 𝑁𝑛 ∙ 𝑣𝑛 

𝑤 = 𝑁1 ∙ 𝑤1 + 𝑁2 ∙ 𝑤2 + … + 𝑁𝑛 ∙ 𝑤𝑛 

Nodal approximation:

𝑢 = 𝑁(𝜉, 𝜂, 𝜁) 𝑞 𝑒
3 × 1 3 × 𝑛𝑒  𝑛𝑒 × 1

𝑞 𝑒 =

𝑢1
𝑣1

𝑤1

⋮
𝑢𝑛

𝑣𝑛

𝑤𝑛 𝑒

𝑛𝑒 × 1

𝜉 𝜂

𝜁

Vector of 
element nodal 
parameters:

Shape 
function 
matrix:
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Examples of finite elements

6 12 8 16

𝑛𝑒 − number of degrees of freedom in FE

rods

2D

3D

2, 4, 6 6

12 30 24 18 60

Type

𝑢
𝑣

𝑤

𝑢
𝑣

𝑠ℎ𝑒𝑙𝑙

𝑢
𝑣

𝑤




24 48
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Example 1: shape functions for a finite element representing a strut

𝑢1

𝑢2

𝜉

𝑢(𝜉) =
𝑢2 −𝑢1

𝑙
𝜉 + 𝑢1 

linear function:

𝑞 𝑒 =
𝑢1

𝑢2 𝑒2 × 1

𝑙

𝑢

𝜉

𝑢1

𝑢2

0 𝑙

𝑢 𝜉 =
𝑢2 −𝑢1

𝑙
𝜉 + 𝑢1 =

𝑢2 
𝑙

𝜉 −
𝑢1

𝑙
𝜉 + 𝑢1 = 1 −

𝜉

𝑙
𝑢1 +

𝜉

𝑙
𝑢2 =

= 𝑁1 𝜉 · 𝑢1 + 𝑁2 𝜉 · 𝑢2= 𝑁1, 𝑁2

𝑢1

𝑢2 𝑒
= 𝑁(𝜉) 𝑞 𝑒

𝑁1 𝜉 = 1 −
𝜉

𝑙
       ; 𝑁2 𝜉 =

𝜉

𝑙

1 × 2 2 × 1

shape functions:

pin joints
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Strain components

normal strains:

𝜀𝑥 = 
(𝐴′𝐵′)𝑥−𝐴𝐵

𝐴𝐵
 =  

(dx+𝑢+
𝜕𝑢

𝜕𝑥
 dx−𝑢)−dx

dx
 = 

𝜕𝑢

𝜕𝑥

𝜀𝑦 = 
𝜕𝑣

𝜕𝑦
 ;  𝜀𝑧 = 

𝜕𝑤

𝜕𝑧

shear strains:

𝛾𝑥𝑦= 
𝜋

2
 − 𝛽= 𝛾1+ 𝛾2

𝛾1 ≅ tan𝛾1= 
(𝐴′𝐷′)𝑥

(𝐴′𝐷′)𝑦
 = 

𝑢+
𝜕𝑢

𝜕𝑦
 dy−𝑢

dy+𝑣+
𝜕𝑣

𝜕𝑦
 dy−𝑣

= 

𝜕𝑢

𝜕𝑦

1+
𝜕𝑣

𝜕𝑦

 = 

𝜕𝑢

𝜕𝑦

1+𝜀𝑦
= 

𝜕𝑢

𝜕𝑦

𝛾2 ≅
𝜕𝑣

𝜕𝑥
 → 𝛾𝑥𝑦= 

𝜕𝑢

𝜕𝑦
 + 

𝜕𝑣

𝜕𝑥

𝛾𝑦𝑧 = 
𝜕𝑣

𝜕𝑧
 + 

𝜕𝑤

𝜕𝑦
      ;    𝛾𝑧𝑥 = 

𝜕𝑤

𝜕𝑥
 + 

𝜕𝑢

𝜕𝑧
     ;     𝛾𝑖𝑗 = 𝛾𝑗𝑖  

small deformations :  𝜀𝑦 ≪ 1

u

v



𝜀  =

𝜀𝑥

𝜀𝑦

𝜀𝑧

𝛾𝑥𝑦

𝛾𝑦𝑧

𝛾𝑧𝑥

 = 

𝜕

𝜕𝑥
0 0

0
𝜕

𝜕𝑦
0

0 0
𝜕

𝜕𝑧
𝜕

𝜕𝑦

𝜕

𝜕𝑥
0

0
𝜕

𝜕𝑧

𝜕

𝜕𝑦

𝜕

𝜕𝑧
0

𝜕

𝜕𝑥

𝑢
𝑣
𝑤

 = 𝑅 𝑢          ;               𝜀  = 𝑢 𝑅 𝑇
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Strain tensor. Vector of strain components

strain tensor:

6 × 1 6 × 3 3 × 1                                                    1 × 6 1 × 3 3 × 6 

𝜺 = 

𝜀𝑥 𝛾𝑥𝑦/2 𝛾𝑥𝑧/2

𝛾𝑦𝑥/2 𝜀𝑦 𝛾𝑦𝑧/2

𝛾𝑧𝑥/2 𝛾𝑧𝑦/2 𝜀𝑧

vector of strain components:

gradient matrix

3 × 3 

½𝛾𝑥𝑦

½𝛾𝑦𝑥 𝜀𝑥

𝜀𝑦

𝜀𝑥

𝜀𝑦
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Strain – displacement matrix of a finite element

nodal approximation in a finite element:

𝜀  = 𝑅 𝑢  = 𝑅 𝑁 𝑞 𝑒= 𝐵 𝑞 𝑒
6 × 1 6 × 3 3 × 1         6 × 3 3 × 𝑛𝑒  𝑛𝑒 × 1 6 × 𝑛𝑒  𝑛𝑒 × 1

vector of strain components in a finite element:

𝑢 = 𝑁(𝜉, 𝜂, 𝜁) 𝑞 𝑒
3 × 1 3 × 𝑛𝑒  𝑛𝑒 × 1

𝐵  = 𝑅 𝑁  − strain−displacement matrix
6 × 𝑛𝑒  6 × 3 3 × 𝑛𝑒

Ω𝑒1
2

3

𝑛 − 1
𝑛

1 × 6 1 × 𝑛𝑒  𝑛𝑒 × 6

𝜀  = 𝑞 𝑒 𝐵 𝑇
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Stress components

normal stresses:

shear stress components:

𝜎𝑥   ; 𝜎𝑦 ; 𝜎𝑧

positive value -  tension, negative value - compression

𝜏𝑥𝑦   ; 𝜏𝑦𝑧 ; 𝜏𝑧𝑥   ; 𝜏𝑖𝑗 = 𝜏𝑗𝑖 

equivalent stresses:

Von Mises stress:

 𝜎𝐸𝑄𝑉=
1

2
𝜎𝑥 − 𝜎𝑦

2
+ 𝜎𝑦 − 𝜎𝑧

2
+ 𝜎𝑧 − 𝜎𝑥

2 + 3(𝜏𝑥𝑦
2 + 𝜏𝑦𝑧

2 + 𝜏𝑧𝑥
2)

Tresca stress:          𝜎𝐼𝑁𝑇 = 𝜎1 − 𝜎3= 2𝜏𝑚𝑎𝑥

the first 
principal stress

maximum shear stress    the third 
principal stress
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Stress tensor. Vector of stress components

stress tensor:

𝜎  =

𝜎𝑥

𝜎𝑦

𝜎𝑧

𝜏𝑥𝑦

𝜏𝑦𝑧

𝜏𝑧𝑥

6 × 1

vector of stress components:

𝝈 =

𝜎𝑥 𝜏𝑥𝑦 𝜏𝑥𝑧

𝜏𝑦𝑥 𝜎𝑦 𝜏𝑦𝑧

𝜏𝑧𝑥 𝜏𝑧𝑦 𝜎𝑧

≡
𝜎1 0 0
0 𝜎2 0
0 0 𝜎3

3 × 3 

in coordinate system x, y, z in the principal coordinate system
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Constitutive matrix

linear isotropic material (Hooke′s law):

E – Young’s modulus,  
𝑣 – Poisson’s ratio

6 × 1 6 × 6 6 × 1

𝜎  = 𝐷 𝜀

constitutive matrix:

𝐷  = 
𝐸

(1+𝜈)(1−2𝜈)

 
1 − 𝑣

𝑣
𝑣
0
0
0

 

𝑣
1 − 𝑣

𝑣
0
0
0

 

𝑣
𝑣

1 − 𝑣
0
0
0

 

0
0
0

0.5 − 𝑣
0
0

 
0
0
0
0

0.5 − 𝑣
0

 
0
0
0
0
0

0.5 − 𝑣

6 × 6 
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Example 2: uniaxial tensile test

𝜎𝑥 

0
0
0
0
0

= 
𝐸

(1+𝜈)(1−2𝜈)

 
1 − 𝑣

𝑣
𝑣
0
0
0

 

𝑣
1 − 𝑣

𝑣
0
0
0

 

𝑣
𝑣

1 − 𝑣
0
0
0

 

0
0
0

0.5 − 𝑣
0
0

 
0
0
0
0

0.5 − 𝑣
0

 
0
0
0
0
0

0.5 − 𝑣

𝜀𝑥

𝜀𝑇
𝜀𝑇

0
0
0

6 × 1 6 × 6 6 × 1

𝜎  = 𝐷 𝜀

𝜎𝑥 = 
𝐹

𝐴0
   ;   𝜀𝑥 =

𝐿−𝐿0

𝐿0
 ;  𝜀𝑦 = 𝜀𝑧 = 𝜀𝑇 

2nd equation : 0 = 
𝐸

(1+𝜈)(1−2𝜈)
(𝑣𝜀𝑥+ (1 − 𝑣)𝜀𝑇+ 𝑣𝜀𝑇)    → 𝜀𝑇  = − 𝑣𝜀𝑥

𝜎𝑥 = 
𝐸

(1+𝜈)(1−2𝜈)
((1 − 𝑣)𝜀𝑥+ 𝑣𝜀𝑇+ 𝑣𝜀𝑇) = 

𝐸

(1−𝜈−2𝑣2)
 ((1 − 𝑣)𝜀𝑥 − 𝑣2𝜀𝑥 − 𝑣2𝜀𝑥)  → 𝜎𝑥 = 𝐸𝜀𝑥

𝜎𝑥 

𝜀𝑥 

𝑈 =
1

2
𝜎𝑥 𝜀𝑥 𝐴0 L0elastic strain Energy:

1st equation:
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Example 3: pure shear

0
0
0

𝜏𝑥𝑦

0
0

= 
𝐸

(1+𝜈)(1−2𝜈)

 
1 − 𝑣

𝑣
𝑣
0
0
0

 

𝑣
1 − 𝑣

𝑣
0
0
0

 

𝑣
𝑣

1 − 𝑣
0
0
0

 

0
0
0

0.5 − 𝑣
0
0

 
0
0
0
0

0.5 − 𝑣
0

 
0
0
0
0
0

0.5 − 𝑣

0
0
0

𝛾𝑥𝑦

0
0

6 × 1 6 × 6 6 × 1

𝜎  = 𝐷 𝜀

𝜏𝑥𝑦   ; 𝛾𝑥𝑦

4th equation:

𝜏𝑥𝑦 =
𝐸

(1+𝜈)(1−2𝜈)
 (0.5 − 𝑣)𝛾𝑥𝑦 =  

𝐸

2(1+𝜈)(0.5−𝜈)
 (0.5 − 𝑣)𝛾𝑥𝑦 =

𝐸

2(1+𝜈)
 𝛾𝑥𝑦 →

 𝜏𝑥𝑦 = G 𝛾𝑥𝑦 G =
𝐸

2(1+𝜈)
 – Kirchof’s modulus (shear modulus)

𝜏𝑥𝑦

𝛾𝑥𝑦
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Elastic strain energy. Potential energy of loading

boundary 𝛤
domain 𝛺

𝑥 𝑦

𝑧

boundary 𝛤𝑝

boundary 𝛤𝑢 (u = u0)

𝑃
𝑃′

displacement vector 𝑢
3 × 1

elastic strain energy:

𝑈 =
1

2
׬ 𝜀 𝜎  d𝛺
𝛺 1 × 6 6 ×1

potential energy of loading:

𝑊 = ׬ 𝑋 𝑢  d𝛺 + ׬ 𝑝 𝑢 d𝛤𝑝
𝛺    1 × 3 3 × 1 𝛤𝑝 1 × 3 3 × 1

LINEAR ELASTIC BODY

1 × 3

surface load

𝑝  = 𝑝𝑥, 𝑝𝑦 , 𝑝𝑧

mass forces 𝑋  = 𝑋, 𝑌, 𝑍
1 × 3
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Minimum total potential energy principle

boundary 𝛤
domain 𝛺

𝑥 𝑦

𝑧
boundary 𝛤𝑝

boundary 𝛤𝑢 (u = u0)

mass forces 𝑋  = 𝑋, 𝑌, 𝑍
1 × 3

𝑃
𝑃′displacement 𝑢

3 × 1

𝑉 → min

The displacement field 𝑢  that represents solution of the problem 
fulfils displacement boundary conditions on 𝛤𝑢 and minimizes the total 
potential energy  V. 

total potential energy:  𝑉 = 𝑈 − W

1 × 3

surface loads

𝑝  = 𝑝𝑥, 𝑝𝑦 , 𝑝𝑧
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Elastic strain energy in a finite element. Local stiffness matrix

𝛺𝑒

1
2

3

𝑛 − 1
𝑛

𝑈𝑒 =
1

2
׬ 𝜀 𝜎  d𝛺𝑒 =

1

2
𝑞 𝑒 ׬ 𝐵 𝑇 𝐷 𝐵 d𝛺𝑒 𝑞 𝑒 =

1

2
𝑞 𝑒 𝑘 𝑒 𝑞 𝑒

𝛺𝑒  1 × 6 6 × 1 1 × 𝑛𝑒  𝛺𝑒  𝑛𝑒 × 6 6 × 6 6 × 𝑛𝑒  𝑛𝑒 × 1 1 × 𝑛𝑒 𝑛𝑒 × 𝑛𝑒 𝑛𝑒 × 1

𝑞 𝑒 - local vector of nodal parameters
𝑛𝑒 × 1

elastic strain energy in a finite element:

𝜀  = 𝐵 𝑞 𝑒
6 × 1 6 × 𝑛𝑒  𝑛𝑒 × 1 

6 × 1 6 × 6 6 × 1

𝜎  = 𝐷 𝜀

𝜀  = 𝑞 𝑒 𝐵 𝑇

1 × 6 1 × 𝑛𝑒  𝑛𝑒 × 6

𝑙𝑜𝑐𝑎𝑙 𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠 𝑚𝑎𝑡𝑟𝑖𝑥:

𝑘 𝑒 = ׬ 𝐵 𝑇 𝐷 𝐵 d𝛺𝑒
𝑛𝑒 × 𝑛𝑒 𝛺𝑒  𝑛𝑒 × 6 6 × 6 6 × 𝑛𝑒
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Elastic strain energy in a finite element

𝑞  - global vector of nodal parameters
𝑁𝐷𝑂𝐹 × 1

𝑞 𝑒 - local vector of nodal parameters
𝑛𝑒 × 1

1
2

3

𝑛 − 1
𝑛

local notation:

𝑖
𝑖 + 1

𝑖 + 2

𝑖 + 𝑛 − 2
𝑖 + 𝑛 − 1

global notation:

𝑈𝑒 =
1

2
𝑞 𝑒 𝑘 𝑒 𝑞 𝑒

1 × 𝑛𝑒 𝑛𝑒 × 𝑛𝑒 𝑛𝑒 × 1

𝑈𝑒 =
1

2
 ∙ 𝑞  ∙  𝑘 𝑒

∗  ∙  𝑞
1 × 𝑁𝐷𝑂𝐹 𝑁𝐷𝑂𝐹 × 𝑁𝐷𝑂𝐹 𝑁𝐷𝑂𝐹 × 1

extended local stiffness matrix.

NON  – no. of nodes
𝑛𝑝 – no. of nodal parameters per node

𝛺𝑒

no. of degrees of freedom in FE:
𝑛𝑒 = 𝑛 · 𝑛𝑝

𝛺𝑒

local stiffness matrix

no. of degrees of freedom :  
NDOF  = NON ∙ 𝑛𝑝

n   – no. of nodes per FE
𝑛𝑝 – no. of nodal parameters per node



1 2 … j−1 j j+1 … j+n e−1 j+n e … NDOF

1 0 0 … 0 0 0 … 0 0 … 0

2 0 0 … 0 0 0 … 0 0 … 0

… … … … 0 0 0 … 0 0 … 0

j−1 0 0 0 0 0 0 … 0 0 … 0

j 0 0 0 0 … 0 … 0

j+1 0 0 0 0 … 0 … 0

… … … … … … … … … 0 … 0

j+n e−1 0 0 0 0 … 0 … 0

j+n e 0 0 0 0 0 0 0 0 0 … 0

… … … … … … … … … … … 0

NDOF 0 0 0 0 0 0 0 0 0 0 0
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Extended local stiffness matrix of a finite element

𝒊

𝒊 + 𝒏 − 𝟏

𝑢𝑖+𝑛−1

= 𝑞𝑗+𝑛𝑒−3

𝑣𝑖+𝑛−1 
= 𝑞𝑗+𝑛𝑒−2

𝑤𝑖+𝑛−1 = 𝑞𝑗+𝑛𝑒−1

𝑥 𝑦

𝑧

𝑢𝑖= 𝑞𝑗

𝑣𝑖  = 𝑞𝑗+1

𝑤𝑖  = 𝑞𝑗+2

𝛺𝑒

𝑘 𝑒
∗ =

𝑞  =

𝑞1

𝑞2

⋮
𝑞𝑗

⋮
𝑞𝑁𝐷𝑂𝐹

𝑁𝐷𝑂𝐹 × 1

𝑘11 𝑘12 𝑘1𝑛𝑒
    

𝑘21 𝑘22 𝑘2𝑛𝑒
    

𝑘𝑛𝑒1 𝑘𝑛𝑒2  𝑘𝑛𝑒𝑛𝑒
    

(assumed ascending order of components)
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Elastic strain energy in a FE model. Global stiffness matrix 

𝛺𝑒

𝑞  - global vector of nodal parameters
𝑁𝐷𝑂𝐹 × 1

NOE  – no. of FEs
NDOF – no. of degrees of freedom

𝑈 = ෍

𝑒=1

𝑁𝑂𝐸

𝑈𝑒

elastic strain energy in a finite element model:

𝛺 = ෍

𝑒=1

𝑁𝑂𝐸

𝛺𝑒  →  

𝛺

𝑈 = ෍

𝑒=1

𝑁𝑂𝐸

𝑈𝑒 = ෍

𝑒=1

𝑁𝑂𝐸
1

2
 ∙ 𝑞  ∙  𝑘 𝑒

∗  ∙  𝑞 =
1

2
 𝑞 ∙ ෍

𝑒=1

𝑁𝑂𝐸

𝑘 𝑒
∗  ∙  𝑞 =

     =
1

2
 ∙  𝑞  ∙  𝐾    ∙ 𝑞

1 × 𝑁𝐷𝑂𝐹 𝑁𝐷𝑂𝐹 × 𝑁𝐷𝑂𝐹 𝑁𝐷𝑂𝐹 × 1 1 × 𝑁𝐷𝑂𝐹 𝑁𝐷𝑂𝐹 × 𝑁𝐷𝑂𝐹 𝑁𝐷𝑂𝐹 × 1

1 × 𝑁𝐷𝑂𝐹 𝑁𝐷𝑂𝐹 × 𝑁𝐷𝑂𝐹 𝑁𝐷𝑂𝐹 × 1

global stiffness matrix: 𝐾 = ෍

𝑒=1

𝑁𝑂𝐸

𝑘 𝑒
∗

𝑁𝐷𝑂𝐹 × 𝑁𝐷𝑂𝐹
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Example 4: global stiffness matrix of a 2D model with two 3-node 
triangles

NOE  = 2
NON  = 4
𝑛 = 3
𝑛𝑝 = 2        ;       (𝑢, 𝑣)

𝑛𝑒 = 𝑛 ∙ 𝑛𝑝= 6

NDOF  = NON ∙ 𝑛𝑝= 8

𝛺1

𝛺2

4

1

2

3

𝑞  =

𝑞1

𝑞2
𝑞3

𝑞4

𝑞5

𝑞6

𝑞7

𝑞8

 =

𝑢1

𝑣1
𝑢2

𝑣2

𝑢3

𝑣3

𝑢4

𝑣4

8 × 1

𝑞 1 =

𝑞1

𝑞2

𝑞3
𝑞4

𝑞5

𝑞6 1

=

𝑢1

𝑣1

𝑢2
𝑣2

𝑢3

𝑣3 1

6 × 1

𝑥

𝑦

𝑢1

𝑣1

𝑢2

𝑣2

𝑢3

𝑣3 𝑢4

𝑣4

local notation:

global notation:

1

2

3

𝑞1

𝑞2

𝑞3

𝑞4

𝑞5

𝑞6

𝑞 2 =

𝑞1

𝑞2

𝑞3
𝑞4

𝑞5

𝑞6 2

=

𝑢2

𝑣2

𝑢3
𝑣3

𝑢4

𝑣4 2

6 × 1

1

2 3

𝑞1

𝑞2

𝑞3

𝑞4
𝑞5

𝑞6

𝛺1

𝛺2



1 2 3 4 5 6 7 8

1 a 1 b 1 c 1 d 1 e 1 f 1 0 0

2 b 1 g 1 h 1 i 1 j 1 k 1 0 0

3 c 1 h 1 l 1 m 1 n 1 o 1 0 0

4 d 1 i 1 m 1 p 1 r 1 s 1 0 0

5 e 1 j 1 n 1 r 1 t 1 u 1 0 0

6 f 1 k 1 o 1 s 1 u 1 w 1 0 0

7 0 0 0 0 0 0 0 0

8 0 0 0 0 0 0 0 0

1 2 3 4 5 6

1 a 1 b 1 c 1 d 1 e 1 f 1

2 b 1 g 1 h 1 i 1 j 1 k 1

3 c 1 h 1 l 1 m 1 n 1 o 1

4 d 1 i 1 m 1 p 1 r 1 s 1

5 e 1 j 1 n 1 r 1 t 1 u 1

6 f 1 k 1 o 1 s 1 u 1 w 1
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𝑥

𝑦
1st FE:

1

2

3

𝑞1

𝑞2

𝑞3

𝑞4

𝑞5

𝑞6

𝛺1

𝑞  =

𝑢1

𝑣1
𝑢2

𝑣2

𝑢3

𝑣3

𝑢4

𝑣4

8 × 1

𝑘 1 =
6 × 6

𝑘 1
∗ =

8 × 8

𝑞 1 =

𝑞1

𝑞2

𝑞3
𝑞4

𝑞5

𝑞6 1

=

𝑢1

𝑣1

𝑢2
𝑣2

𝑢3

𝑣3 1

6 × 1

Example 4: global stiffness matrix of a 2D model with two 3-node 
triangles



1 2 3 4 5 6 7 8

1 0 0 0 0 0 0 0 0

2 0 0 0 0 0 0 0 0

3 0 0 a 2 b 2 c 2 d 2 e 2 f 2

4 0 0 b 2 g 2 h 2 i 2 j 2 k 2

5 0 0 c 2 h 2 l 2 m 2 n 2 o 2

6 0 0 d 2 i 2 m 2 p 2 r 2 s 2

7 0 0 e 2 j 2 n 2 r 2 t 2 u 2

8 0 0 f 2 k 2 o 2 s 2 u 2 w 2

1 2 3 4 5 6

1 a 2 b 2 c 2 d 2 e 2 f 2

2 b 2 g 2 h 2 i 2 j 2 k 2

3 c 2 h 2 l 2 m 2 n 2 o 2

4 d 2 i 2 m 2 p 2 r 2 s 2

5 e 2 j 2 n 2 r 2 t 2 u 2

6 f 2 k 2 o 2 s 2 u 2 w 2
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𝑥

𝑦

2nd FE:

𝑞  =

𝑢1

𝑣1
𝑢2

𝑣2

𝑢3

𝑣3

𝑢4

𝑣4

8 × 1

1

2 3

𝑞1

𝑞2

𝑞3

𝑞4
𝑞5

𝑞6

𝛺2

𝑘 2 =
6 × 6

𝑘 2
∗ =

8 × 8

𝑞 2 =

𝑞1

𝑞2

𝑞3
𝑞4

𝑞5

𝑞6 2

=

𝑢2

𝑣2

𝑢3
𝑣3

𝑢4

𝑣4 2

6 × 1

Example 4: global stiffness matrix of a 2D model with two 3-node 
triangles
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𝑞  =

𝑢1

𝑣1
𝑢2

𝑣2

𝑢3

𝑣3

𝑢4

𝑣4

8 × 1

1 2 3 4 5 6 7 8

1 a 1 b 1 c 1 d 1 e 1 f 1 0 0

2 b 1 g 1 h 1 i 1 j 1 k 1 0 0

3 c 1 h 1 l 1 + a 2 m 1 + b 2 n 1 + c 2 o 1 + d 2 e 2 f 2

4 d 1 i 1 m 1 + b 2 p 1 + g 2 r 1 + h 2 s 1 + i 2 j 2 k 2

5 e 1 j 1 n 1 + c 2 r 1 + h 2 t 1 + l 2 u 1 + m 2 n 2 o 2

6 f 1 k 1 o 1 + d 2 t 1 + l 2 u 1 + m 2 w 1 + p 2 r 2 s 2

7 0 0 e 2 j 2 n 2 r 2 t 2 u 2

8 0 0 f 2 k 2 o 2 s 2 u 2 w 2

𝛺1

𝛺2

4

1

2

3

𝑥
𝑦

𝑢1

𝑣1

𝑢2

𝑣2

𝑢3

𝑣3 𝑢4

𝑣4

𝐾 = 𝑘 1
∗ + 𝑘 2

∗ =
8 × 8 8 × 8   8 × 8

Example 4: global stiffness matrix of a 2D model with two 3-node 
triangles
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Potential energy of loading in a finite element

1
2

3

𝑛 − 1

𝑛

𝑞 𝑒 - local vector of nodal parameters
𝑛𝑒 × 1

potential energy of loading
 in a finite element ∶

boundary 𝛤𝑝𝑒

𝑝  = 𝑝𝑥, 𝑝𝑦 , 𝑝𝑧

𝑋  = 𝑋, 𝑌, 𝑍

𝛺𝑒

𝑊𝑒 = ׬ 𝑋 𝑢  d𝛺𝑒 + ׬ 𝑝 𝑢 d𝛤𝑝𝑒 = ׬ 𝑋 𝑁 𝑞 𝑒 d𝛺𝑒 + ׬ 𝑝 𝑁 𝑞 𝑒 d𝛤𝑝𝑒 =
𝛺𝑒 1 × 3 3 × 1 𝛤𝑝𝑒 1 × 3 3 × 1 𝛺𝑒 1 × 3 3 × 𝑛𝑒 𝑛𝑒× 1 𝛤𝑝𝑒 1 × 3 3 × 𝑛𝑒 𝑛𝑒× 1

= ׬) 𝑋 𝑁 d𝛺𝑒 + ׬ 𝑝 𝑁 d𝛤𝑝𝑒) 𝑞 𝑒  = ( 𝐹𝑋
𝑒 + 𝐹𝑝

𝑒) 𝑞 𝑒 = 𝐹 𝑒 𝑞 𝑒
𝛺𝑒  1 × 3 3 × 𝑛𝑒  𝛤𝑝𝑒 1 × 3 3 × 𝑛𝑒 𝑛𝑒× 1 1 × 𝑛𝑒  1 × 𝑛𝑒 𝑛𝑒× 1 1 × 𝑛𝑒  𝑛𝑒× 1

𝐹 𝑒 = 𝐹𝑋
𝑒 + 𝐹𝑝

𝑒
1 ×  𝑛𝑒  1 ×  𝑛𝑒 1 × 𝑛𝑒

equivalent load vector:

𝑢 = 𝑁 𝑞 𝑒
3 × 1 3 × 𝑛𝑒  𝑛𝑒 × 1



Equivalent load vector

𝐹 𝑒 = 𝐹𝑋
𝑒 + 𝐹𝑝

𝑒
1 ×  𝑛𝑒  1 ×  𝑛𝑒 1 × 𝑛𝑒

equivalent load vector due to mass forces:

𝐹𝑋
𝑒 = ׬ 𝑋 𝑁 d𝛺𝑒 =

= ׬ 𝑋, 𝑌, 𝑍
𝑁1 0 0
0 𝑁1 0
0 0 𝑁1

 
𝑁2 0 0
0 𝑁2 0
0 0 𝑁2

…

𝑁𝑛 0 0
0 𝑁𝑛 0
0 0 𝑁𝑛

d𝛺𝑒 

1 ×  𝑛𝑒  𝛺𝑒 1 × 3 3 × 𝑛𝑒

𝛺𝑒

equivalent load vector due to surface load:

𝐹𝑝
𝑒 = ׬ 𝑝 𝑁 d𝛤𝑝𝑒 =

= ׬ 𝑝𝑥 , 𝑝𝑦, 𝑝𝑧

𝑁1 0 0
0 𝑁1 0
0 0 𝑁1

 
𝑁2 0 0
0 𝑁2 0
0 0 𝑁2

…

𝑁𝑛 0 0
0 𝑁𝑛 0
0 0 𝑁𝑛

d𝛤𝑝𝑒

1 ×  𝑛𝑒  𝛤𝑝𝑒 1 × 3 3 × 𝑛𝑒

𝛤𝑝𝑒 

26
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Potential energy of loading in a finite element

𝑞  - global vector of nodal parameters
𝑁𝐷𝑂𝐹 × 1

𝑞 𝑒 - local vector of nodal parameters
𝑛𝑒 × 1

1
2

3

𝑛 − 1
𝑛

local notation:

𝑖
𝑖 + 1

𝑖 + 2

𝑖 + 𝑛 − 2
𝑖 + 𝑛 −1

global notation:

𝑊𝑒 = 𝑞 𝑒 𝐹 𝑒
1 × 𝑛𝑒 𝑛𝑒 × 1

extended equivalent load vector

𝛺𝑒𝛺𝑒

equivalent load vector

𝑊𝑒 = 𝑞  ∙ 𝐹 𝑒
∗

1 × 𝑁𝐷𝑂𝐹 𝑁𝐷𝑂𝐹 × 1

no. of degrees of freedom in FE :
𝑛𝑒 = 𝑛 · 𝑛𝑝

n   – no. of nodes per FE
𝑛𝑝 – no. of nodal parameters per node

NON  – no. of nodes
𝑛𝑝 – no. of nodal parameters per node

no. of degrees of freedom :  
NDOF  = NON ∙ 𝑛𝑝
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Extended equivalent load vector in a finite element

𝑖

𝑖 + 𝑛 − 1

𝐹(𝑛𝑒−2)𝑒

𝐹(𝑛𝑒−1)𝑒

𝐹𝑛𝑒𝑒

𝑥 𝑦

𝑧

𝐹1𝑒

𝐹2𝑒

𝐹3𝑒

𝛺𝑒

𝐹 𝑒 =

𝐹1𝑒

𝐹2𝑒

𝐹3𝑒

…
𝐹(𝑛𝑒−2)𝑒

𝐹(𝑛𝑒−1)𝑒

𝐹𝑛𝑒𝑒

𝑛𝑒 × 1

𝑁𝐷𝑂𝐹 × 1

𝐹 𝑒
∗ =  

0
0
…
0

𝐹1𝑒

𝐹2𝑒

…
𝐹𝑛𝑒𝑒

0
…
0

1

2

𝑗 − 1

𝑗

𝑗 + 1

𝑗 + 𝑛𝑒 − 1

𝑁𝐷𝑂𝐹

𝑗 + 𝑛𝑒

extended equivalent load vector:

equivalent load vector:
(𝑎𝑠𝑠𝑢𝑚𝑒𝑑 𝑎𝑠𝑐𝑒𝑛𝑑𝑖𝑛𝑔 𝑜𝑟𝑑𝑒𝑟
 𝑜𝑓 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡𝑠)
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Forces applied directly on nodes. Potential energy of nodal loads

𝑥 𝑦

𝑧

𝐹 𝑛 =

𝐹1
𝑛

𝐹2
𝑛

𝐹3
𝑛

…
𝐹𝑁𝐷𝑂𝐹−2

𝑛

𝐹𝑁𝐷𝑂𝐹−1
𝑛

𝐹𝑁𝐷𝑂𝐹
𝑛

𝑁𝐷𝑂𝐹 × 1

potential energy of nodal loads:

nodal load vector:

𝛺

𝐹1
𝑛

1

𝐹𝑁𝐷𝑂𝐹
𝑛

𝐹2
𝑛

𝐹3
𝑛

𝐹𝑁𝐷𝑂𝐹−1
𝑛

𝐹𝑁𝐷𝑂𝐹−2
𝑛

𝑁𝐷𝑂𝐹

𝑊𝑛 = 𝑞  ∙ 𝐹 𝑛

1 × 𝑁𝐷𝑂𝐹 𝑁𝐷𝑂𝐹 × 1
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Potential energy of loading in a FE model. Global load vector

𝛺𝑒

NOE  – no. of FEs
NDOF – no. of degrees of freedom

𝑊𝑒 = ෍

𝑒=1

𝑁𝑂𝐸

𝑊𝑒

potential energy of loading in a finite element model:

𝛺 = ෍

𝑒=1

𝑁𝑂𝐸

𝛺𝑒  →  

𝛺

= 𝑞 ∙ ( 𝐹 𝑒 + 𝐹 𝑛 ) →  𝑊 = 𝑞   ∙ 𝐹
1 × 𝑁𝐷𝑂𝐹 𝑁𝐷𝑂𝐹 × 1 𝑁𝐷𝑂𝐹 × 1 1 × 𝑁𝐷𝑂𝐹 𝑁𝐷𝑂𝐹 × 1

potential energy of element loads:

𝑊 = ෍

𝑒=1

𝑁𝑂𝐸

𝑊𝑒 + 𝑊𝑛 = ෍

𝑒=1

𝑁𝑂𝐸

𝑞  ∙ 𝐹 𝑒
∗ + 𝑞  ∙ 𝐹 𝑛 = 𝑞 ∙ ( ෍

𝑒=1

𝑁𝑂𝐸

𝐹 𝑒
∗  + 𝐹 𝑛) 

1 × 𝑁𝐷𝑂𝐹 𝑁𝐷𝑂𝐹 × 1 1 × 𝑁𝐷𝑂𝐹 𝑁𝐷𝑂𝐹 × 1 1 × 𝑁𝐷𝑂𝐹 𝑁𝐷𝑂𝐹 × 1 𝑁𝐷𝑂𝐹 × 1

𝑊 = 𝑊𝑒 + 𝑊𝑛

global load vector: 𝐹 = 𝐹 𝑒 + 𝐹 𝑛

𝑁𝐷𝑂𝐹 × 1 𝑁𝐷𝑂𝐹 × 1 𝑁𝐷𝑂𝐹 × 1

global load vector
 of element loads

potential energy
of nodal loads

nodal load vector
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Total potential energy in a FE model. Set of linear equations

NOE  – no. of FEs
NDOF – no. of degrees of freedom

𝛺

Total potential energy of the entire model:

𝑠𝑒𝑡 𝑜𝑓 𝑙𝑖𝑛𝑒𝑎𝑟 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑖𝑐 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠

𝑉 → min

𝑉 = 𝑈 − W =
1

2
 ∙  𝑞  ∙  𝐾  ∙  𝑞  − 𝑞  ∙ 𝐹

1 × 𝑁𝐷𝑂𝐹 𝑁𝐷𝑂𝐹 × 𝑁𝐷𝑂𝐹 𝑁𝐷𝑂𝐹 × 1 1 × 𝑁𝐷𝑂𝐹 𝑁𝐷𝑂𝐹 × 1

𝑞  = ?
𝑁𝐷𝑂𝐹 × 1

𝜕𝑉

𝜕𝑞𝑗
= 0 →  𝐾  ∙  𝑞  = 𝐹

𝑁𝐷𝑂𝐹 × 𝑁𝐷𝑂𝐹 𝑁𝐷𝑂𝐹 × 1 𝑁𝐷𝑂𝐹 × 1

det ( 𝐾  ) =  0
𝑁𝐷𝑂𝐹 × 𝑁𝐷𝑂𝐹
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Set of FE equations with boundary conditions

NDOF – no. of degrees of freedom

𝑙𝑖𝑛𝑒𝑎𝑟 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑖𝑐 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑤𝑖𝑡ℎ 𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠

𝑞    →  𝑞    ;
𝑁𝐷𝑂𝐹 × 1 𝑁 × 1 

𝐾 ∙ 𝑞  = 𝐹
𝑁 × 𝑁 𝑁 × 1 𝑁 × 1

𝐾  →  𝐾     ;
𝑁𝐷𝑂𝐹 × 𝑁𝐷𝑂𝐹 𝑁 × 𝑁

𝑥 𝑦

𝑧

boundary 𝛤𝑢 (u = u0)

𝑢
3 × 1

The displacement field 𝑢  that represents solution of the problem fulfils 
displacement boundary conditons on 𝛤𝑢 and minimizes the total potential 
energy  V. 

𝛺
𝐹  →  𝐹

𝑁𝐷𝑂𝐹 × 1 𝑁 × 1 

NOF  – no. of known degrees of freedom on 𝛤𝑢  

N – number of unknown degrees of freedom:

N = NDOF –NOF 

det ( 𝐾  ) ≠ 0
𝑁 × 𝑁
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Example 5. Boundary conditions for 2D problem. FE model with 
two 3-node triangles

1 2 3 4 5 6 7 8

1 a 1 b 1 c 1 d 1 e 1 f 1 0 0

2 b 1 g 1 h 1 i 1 j 1 k 1 0 0

3 c 1 h 1 l 1 + a 2 m 1 + b 2 n 1 + c 2 o 1 + d 2 e 2 f 2

4 d 1 i 1 m 1 + b 2 p 1 + g 2 r 1 + h 2 s 1 + i 2 j 2 k 2

5 e 1 j 1 n 1 + c 2 r 1 + h 2 t 1 + l 2 u 1 + m 2 n 2 o 2

6 f 1 k 1 o 1 + d 2 t 1 + l 2 u 1 + m 2 w 1 + p 2 r 2 s 2

7 0 0 e 2 j 2 n 2 r 2 t 2 u 2

8 0 0 f 2 k 2 o 2 s 2 u 2 w 2

𝛺1

𝛺2

4

1

2

3

𝑥
𝑦

𝑢1=0

𝑣1=0

𝑢2

𝑣2=0

𝑢3

𝑣3 𝑢4

𝑣4

𝑢1 = 0
𝑣1 = 0

𝑢2

𝑣2 = 0
𝑢3

𝑣3

𝑢4

𝑣4

 =

𝐹1

𝐹2

𝐹3

𝐹4

𝐹5

𝐹6

𝐹7

𝐹8

𝐾  ∙  𝑞  = 𝐹
8 × 8 8 × 1 8 × 1

NDOF = 8
𝛺1

𝛺2

4

1

2

3

𝑥
𝑦

𝐹1

𝐹2

𝐹3

𝐹4

𝐹5

𝐹6 𝐹7

𝐹8

NOF = 3   
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1 2 3 4 5 6 7 8

1 a 1 b 1 c 1 d 1 e 1 f 1 0 0

2 b 1 g 1 h 1 i 1 j 1 k 1 0 0

3 c 1 h 1 l 1 + a 2 m 1 + b 2 n 1 + c 2 o 1 + d 2 e 2 f 2

4 d 1 i 1 m 1 + b 2 p 1 + g 2 r 1 + h 2 s 1 + i 2 j 2 k 2

5 e 1 j 1 n 1 + c 2 r 1 + h 2 t 1 + l 2 u 1 + m 2 n 2 o 2

6 f 1 k 1 o 1 + d 2 t 1 + l 2 u 1 + m 2 w 1 + p 2 r 2 s 2

7 0 0 e 2 j 2 n 2 r 2 t 2 u 2

8 0 0 f 2 k 2 o 2 s 2 u 2 w 2

𝛺1

𝛺2

4

1

2

3

𝑥
𝑦

𝑢1=0

𝑣1=0

𝑢2

𝑣2=0

𝑢3

𝑣3 𝑢4

𝑣4

𝑢1 = 0
𝑣1 = 0

𝑢2

𝑣2 = 0
𝑢3

𝑣3

𝑢4

𝑣4

 =

𝐹1

𝐹2

𝐹3

𝐹4

𝐹5

𝐹6

𝐹7

𝐹8

𝐾  ∙  𝑞  = 𝐹
8 × 8 8 × 1 8 × 1

Example 5. Boundary conditions for 2D problem. FE model with 
two 3-node triangles
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l 1 + a 2 n 1 + c 2 o 1 + d 2 e 2 f 2

n 1 + c 2 t 1 + l 2 u 1 + m 2 n 2 o 2

o 1 + d 2 u 1 + m 2 w 1 + p 2 r 2 s 2

e 2 n 2 r 2 t 2 u 2

f 2 o 2 s 2 u 2 w 2

𝛺1

𝛺2

4

1

2

3

𝑥
𝑦

𝑢1=0

𝑣1=0

𝑢2

𝑣2=0

𝑢3

𝑣3 𝑢4

𝑣4

𝐾  ∙  𝑞  = 𝐹
5 × 5 5 × 1 5 × 1

𝑢2

𝑢3

𝑣3

𝑢4

𝑣4

 =

𝐹3

𝐹5

𝐹6

𝐹7

𝐹8

N = 8 − 3 = 5  

𝛺1

𝛺2

4

1

2

3

𝑥
𝑦

𝐹1

𝐹2

𝐹3

𝐹4

𝐹5

𝐹6 𝐹7

𝐹8

𝑙𝑖𝑛𝑒𝑎𝑟 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑖𝑐 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑤𝑖𝑡ℎ 𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠

Example 5. Boundary conditions for 2D problem. FE model with 
two 3-node triangles



36

Solution of a set of FE equations with boundary conditions

𝐷𝑂𝐹 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛:

𝑞  = 𝐾 −1 𝐹
𝑁 × 1 𝑁 × 𝑁 𝑁 × 1

𝐾 ∙ 𝑞  = 𝐹  → →
𝑁 × 𝑁 𝑁 × 1 𝑁 × 1

det ( 𝐾  ) ≠ 0
𝑁 × 𝑁

𝑞
𝑁𝐷𝑂𝐹 × 1

𝐸𝑙𝑒𝑚𝑒𝑛𝑡 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 (𝐸𝑆):

𝑁𝑜𝑑𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑁𝑆 :

𝜀  = 𝐵 𝑞 𝑒      ;
6 × 1 6 × 𝑛𝑒  𝑛𝑒 × 1 6 × 1 6 × 6 6 × 1 6 × 6     6 × 𝑛𝑒  𝑛𝑒 × 1

𝜎  = 𝐷 𝜀  = 𝐷 𝐵 𝑞 𝑒

strain in a finite element stress in a finite element

(𝑁𝑆)𝑖=
σ𝑒=1

𝑘 (𝐸𝑆)𝑒𝑖

𝑘
 

(𝐸𝑆)𝑒𝑖 − element solution in element 𝑒  and at node (𝑖)

(𝑁𝑆)𝑖  − avaraged nodal solution at node (𝑖)

𝑘 − no. of elements adjacent to node (𝑖)
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1 2 3 4 5 6 7 8

1 a 1 b 1 c 1 d 1 e 1 f 1 0 0

2 b 1 g 1 h 1 i 1 j 1 k 1 0 0

3 c 1 h 1 l 1 + a 2 m 1 + b 2 n 1 + c 2 o 1 + d 2 e 2 f 2

4 d 1 i 1 m 1 + b 2 p 1 + g 2 r 1 + h 2 s 1 + i 2 j 2 k 2

5 e 1 j 1 n 1 + c 2 r 1 + h 2 t 1 + l 2 u 1 + m 2 n 2 o 2

6 f 1 k 1 o 1 + d 2 t 1 + l 2 u 1 + m 2 w 1 + p 2 r 2 s 2

7 0 0 e 2 j 2 n 2 r 2 t 2 u 2

8 0 0 f 2 k 2 o 2 s 2 u 2 w 2

𝑢1 = 0
𝑣1 = 0

𝑢2

𝑣2 = 0
𝑢3

𝑣3

𝑢4

𝑣4

 =

𝐹1

𝐹2

𝐹3

𝐹4

𝐹5

𝐹6

𝐹7

𝐹8

𝐾  ∙  𝑞  = 𝐹
8 × 8 8 × 1 8 × 1

𝛺1

𝛺2

4

1

2

3

𝑥
𝑦

𝐹1

𝐹2

𝐹3

𝐹4

𝐹5

𝐹6 𝐹7

𝐹8

𝑎1 ∙ 0 + 𝑏1 ∙ 0 + 𝑐1 ∙ 𝑢2 + 𝑑1 ∙ 0 + 𝑒1 ∙ 𝑢3 + 𝑓1 ∙ 𝑣3 + 0 ∙ 𝑢4 + 0 ∙ 𝑣4 = 𝐹1

∙ = 𝐹2 ; ∙ = 𝐹4

known ∙ = 𝐹1

Example 6. Reactions calculation for 2D problem. FE model with 
two 3-node triangles
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Example 7. DOF solution 𝑢(𝑥,𝑦) for 2D problem. FE model with 4-
node quadrilateral elements

𝑢𝑒 𝑥, 𝑦 − displacement in 𝑥 direction

𝛺1

𝛺2

𝑥

𝑦

𝑢(𝑥, 𝑦)

𝛺3

𝛺4

𝑢3(𝑥, 𝑦)

𝑢1(𝑥, 𝑦)

𝑢2(𝑥, 𝑦)

𝑢4(𝑥, 𝑦)

nodal displacement in 𝑥 direction

𝑢 = 𝑁 𝑞 𝑒
2 × 1 2 × 8 8 × 1

𝑢𝑒 = 𝑁1 0 𝑁2 0 𝑁3 0 𝑁4 0

𝑞1 

𝑞2 

𝑞3 

𝑞4 

𝑞5 

𝑞6 

𝑞7 

𝑞8 𝑒

𝑥

𝑦
𝛺𝑒

1 2

3

𝑞1

𝑞2

𝑞3

𝑞4

𝑞5

𝑞6𝑞7

𝑞8

4
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𝐸𝑙𝑒𝑚𝑒𝑛𝑡 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛:  𝑁𝑜𝑑𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛:

𝜀𝑦𝑖
𝐴𝑉𝐸 =

𝜀𝑦1
(𝑥𝑖 , 𝑦𝑖) + 𝜀𝑦2

(𝑥𝑖 , 𝑦𝑖) + 𝜀𝑦3
(𝑥𝑖 , 𝑦𝑖) + 𝜀𝑦4

(𝑥𝑖 , 𝑦𝑖)

4

𝑘 = 4

𝑥

𝑦

𝜀𝑦(𝑥, 𝑦)

𝛺1

𝛺2

𝑖 𝛺3

𝛺4

𝜀𝑦3
(𝑥, 𝑦)

𝜀𝑦1
(𝑥, 𝑦)

𝜀𝑦2
(𝑥, 𝑦)

𝜀𝑦4
(𝑥, 𝑦)

𝑖

𝜀𝑦𝑖
𝐴𝑉𝐸

Example 8. Strain component 𝜀𝑦(𝑥,𝑦) for 2D problem. FE model with 

4-node quadrilateral elements
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FE modelling – basic steps

Solution 
analysis type, boundary conditions, solver, content of a result file

Postprocessor
 numbers, graphs, contour maps, animations

NUMERICAL RESULT

numerical calculations

Preprocessor 
geometry, element types, material properties, approximation, discretization

Discrete model

Mathematical model
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Accuracy of FEM calculations

… …discretization error

… …modelling error

numerical error … …

… …total error

a real phenomenon

continuous mathematical model

Discrete model

NUMERICAL RESULT

EXACT SOLUTION  OF A MATHEMATICAL MODEL

EXACT SOLUTION  OF A DISCRETE MODEL

total error = modelling error + discretization error + numerical error

modelling error  discretization error  numerical error → min
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